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Polynuclear growth model with external source
and random matrix model with deterministic source
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We present a random matrix interpretation of the distribution functions which have appeared in the study of
the one-dimensional polynuclear growtfANG) model with external sources. It is shown that the distribution,
GOR, which is defined as the square of the Gaussian orthogonal ensé@®E Tracy-Widom distribution,
can be obtained as the scaled largest eigenvalue distribution of a special case of a random matrix model with
a deterministic source, which have been studied in a different context previously. Compared to the original
interpretation of the GO¥as “the square of GOE,” ours has an advantage in that it can also describe the
transition from the Gaussian unitary ensembBUE) Tracy-Widom distribution to the GCE We further
demonstrate that our random matrix interpretation can be obtained naturally by noting the similarity of the
topology between a certain noncolliding Brownian motion model and the multilayer PNG model with an
external source. This provides us with a multimatrix model interpretation of the multipoint height distributions
of the PNG model with an external source.
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I. INTRODUCTION corresponds to the process in the model which describes the

The universality of eigenvalue correlations in random ma_transition between GOE/GSE and GUES].
Y 9 In addition to the Tracy-Widom distributions for the fun-

trix theory(RMT) has been arising in various fields in phys- damental three classes in RMT. GOE. GUE and GSE. two
ics. The most recent appearance is in the one-dimensiongigyintion functions, which had not been discussed in the

Kardar-Parisi-Zhan@(PZ) universality clasg1] which is a study of RMT, arose in the description of the height fluctua-

fundamental universality in non-equilibrium statistical M- tion of the PNG droplet on infinite line with external sources

chanics. It has been found that the fluctuation of certam{LJlt boundarie$10,14). These are calleB, and GOE. These
physical quantities in the KPZ universality class is equiva- . 0 X

. ] . functions also appear in the study of current fluctuations in
lent to that of the largest eigenvalue in RMT. This fact wastagep[15,16. There are also distribution functions which
first pointed out in the polynuclear growfNG) model[2] !

dth I e simol lusi FASE describe the transitions between two functions mentioned
and the totally asymmetric simple exclusion pro¢ P above. For instance, there is a distribution function, depend-

[3] based on the Baik-Deift-Johansson theorem in randorfhg on a parametem, which approaches the GUE Tracy-

permutationg4]. . . idom distribution asw—, tends to the Gaussian as
The PNG model is a stochastic surface growth model and’  _ and becomes GOEwhen »=0. We have not yet

is the most well-understood model in the relation with RMT. known what kind of random matrix ensemble corresponded

Based on the results on the symmetrized random permutgs Fo. The GOE, on the other hand, can be understood in

tions [5-7], the properties of the height fluctuation of the 1o/ g of the language of RMT. It is written as the square of

PNG model have been analyzed for various boundary condi, o Gog Tracy-widom distribution and can be interpreted as

tions. In[2] the height fluctuation of the PNG droplet in an w0 gistribution function of the larger of the largest eigenval-

infin.ite ;pa(jc:e qu e:jnzlyzsd. g tuErn_(red outvt\?gt thedhei_gbht ﬂuciles of two independent GOEs. Its Fredholm determinant rep-
tuation is described by the GUE Tracy-Widom distribution o s ntation was obtained [A7]. There, it was also shown

[8]- On the other hand, in case of the growth on half line, th& s yhe scaling limit of certain eigenvalue statistics of two
height fluctuation at the boundary is described by the GOE dependent GOEs is described by its kernel.

and Gaussian symplectic enseniti8B) Tracy-Widom dis- In this paper, we present another point of view of the
tribution [9] according to the strength of an external SOUICE; 02 as the scéled largest eigenvalue distribution of a ran-
at the boundary10]. Furthermore the equal time correlation dom matrix with a deterministic source. The advantage of

of the height fluctuation at distinct points has also been anagi ansemble is that it can describe the GUE-G®ENsi-
lyzed for the PNG model. It has been found that it is equivasion in the PNG model, which is induced by the change of
lent to the process of the largest eigenvalue in the Dyson’

. : . the external source while this transition cannot be obtained
Brownian motion ”.‘Ode' betwegn GUES n Fh? case Of. theoy the measure of “the square of GOE.”
growth on infinite line[11,12 while in half infinite case, it From the point of view of the PNG model with external
sources, our viewpoint is more natural than that of “the
square of GOE.” We turn our attention on the topology and
*Email address: imamura@monet.phys.s.u-tokyo.ac.jp the structure of the determinantal measure in the multilayer
"Email address: sasamoto@stat.phys.titech.ac.jp version of the PNG model with an external source. Our ran-
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FIG. 1. Rules of the discrete PNG model.
Here we draw the solid lines usirg|[r],t).

dom matrix ensemble is obtained by noticing that a certairdistribution with some parameter which is fixed shortly.
type of the noncolliding Brownian motion has a similar to- This is called nucleation. While a nucleation is stochastic, a
pology and the structure of the measure. growth after the nucleation given by the rulgs and(c) is

The random matrix obtained in this paper is a special casdeterministic.
of the random matrix with a deterministic source, which has (b) Each nuclear grows laterally with one step toward
been studied if18-24. In a special case, which is different right and left at each time step and then forms a step.
from ours, its eigenvalue statistics has an interesting property (c) When a step crashes against another step, the
that the level spacing distribution becomes an intermediatbeight of the crashing point is that of the higher one.
one between the Poisson and the Wigner-Dyson statistic3hese rulega)—(c) can be formulated by a single equation,
This property connects it with the fields in physics such as
the quantum chaos, the metal-insulator transition in disor- h(r t + 1) = ma}{h(r — 1,t),h(r,t)h(r + 1,H)] + w(r,t + 1).
dered systems and so on. Recently the universality of such 2.2)
eigenvalue statistics in this model have been analyzed by the '
Riemann-Hilbert techniqu27-30Q. . . .

This paper is arranggd as follows. In the next section Wé*er? h(r,y) is the height of the_surface at tlnte.and aJF
summarize the results on the height distribution in the PNG0StONT, andw(r,t) means a height of a nucleation which
model with an external source. Then we introduce a randons @ random variable. _
matrix with a deterministic source and compare its largest " this paper we set the random variabig,t) as follows.
eigenvalue statistics with the height fluctuation of the PNG When 7—|r|>0 and t—r is odd,
model. In Sec. lll we consider a reason why such a random
matrix model appears in the context of the PNG model with
an external source. We notice that the multilayer version of Ple(r,t) = k] ={
the PNG model can be regarded as a noncolliding many
body random walkgvicious walk and hence inherits a free
fermionic picture. By considering a certain vicious walk
which is expected to have a similar property to the multilayer
PNG model, we see there appears naturally a Dyson’s w(r,f)=0. (2.2
Brownian motion mode(a multimatrix model involving an
external source in the initial condition. Finally we show the
equal-time correlation of the PNG model with an eXtemalgondition thatt—r is odd is imposed only for a technical

source is equivalent to the dynamical correlations of the larg dis irrel t 1o the physical ties. Basicall
est eigenvalue in the Dyson’s Brownian motion model. The'®ason and is irrelevant to the physical properties. basically

last section is devoted to the conclusion. «(r,1) is a geometric random variable_wi'gb a paramajer
Only on the left edge, the parameterdsq(vg=< a<1/yq).
Thus the parameter adjusts the boundary condition as an
external source. This situation representi@d) is depicted
in Fig. 2.

A. PNG model with external source In the setting of(2.1) and(2.2), we focus on the distribu-
tion of the scaled height at the orighty defined as

(1-ag)(aNg)l, r==-r1+1,
(1-q)¢", otherwise.

Otherwise

Because of the condition that the nucleation occurs only
whent—|r|>0, the surface grows into a droplet shape. The

Il. PNG MODEL AND RANDOM MATRIX WITH
DETERMINISTIC SOURCE

First of all we give the definition of the one-dimensional
discrete PNG mode[12]. Let re{...,-1,0,1...} and o
te{1,2,...} be the space and time coordinate, respectively. = h(r=0,t=2N) -aN
The model is a stochastic surface growth model and consists dN'3 ’
of the rules(a)—(c). Figure 1 illustrates these rules. B _ _

(@) At time t, a nuclear is generated randomly at wherea=2\q/(1-\q), d=(1+o)3q®/(1-q). The limit-
r=-t+1,-t+3,...,t-3,t—1. The heightk(=0,1,2...) of ing distribution has been obtained @,10,14. It depends
each nuclear is independent pfand obeys the geometric dramatically on the value aof. The result is

(2.3
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- o Fo(s) = limP[X; < s]. (2.7
N— o0

q
<~ | -
F.(s) is also defined in the same way as above Nox N
I_F GOE random matrix with the measure

_IJ e ™MI2gM, (2.8

x x whereM, is anN X N real symmetric matrix. Hence the dis-
‘ ‘ tribution F,(s)?, can be interpreted as the distribution of the
t-1

largest eigenvalue in the superimposition of eigenvalues of
two independent GOE random matrices. In this sense the
—t+l distribution defined byF,(s)? is denoted as GOE
FIG. 2. Typical situation in the PNG droplet with an external  BOth F2(s) andFy(s)? can be represented as the Fredholm
source. In this model the rate of growth at the left efige-t+1) is ~ determinant,

higher than that at other places since the parameter of a nucleation Fo(s) = defl +K,g], Fl(s)z =defl +K.0], (2.9
at the left edgeqaq, is larger than that at other points,
whereg(x) =—x(s)(X). The definition of the Fredholm deter-

Fi(s), forVg=a<1, minant with kernelkC(x,y) is

F 21 f = 1, - 1 ® [
lim P[Hy <s]= 1(9)?, for @ 1 2 dof1+Kg]=S Ef f oo
N% 0, forl<a<-=, koK Je
h X defkC (%, %)) -1 (2.10

whereF,(s) andF,(s) are the GUE and GOE Tracy-Widom The kernelsCx(x,y) andK15(x,y) have the following form:
distribution, respectively8,9]. F,(s) is defined as follows. o

Let \, be the largest eigenvalue Mx N GUE random ma- Ka(x,y) :f do Ai(x+ o)Ai(y + o),

trix with the measure 0

= 2 *

& ™2 M,, (2.9 K12(%,y) = Ko(X,Y) +Ai(x)J do Ai(y-o0). (2.11)
0

where M, is an N XN Hermitian matrix. Taking the edge

scaling forh;, Here ICx(x,y) is called the Airy kerne[31] and K15(X,y) is

obtained in[17].
Thus, whena<1, the result(2.4) can be rewritten as

— Jon X1
A=A+ T (2.6 lim P[Hy < ] = def1 + Kg], 2.12
N—o
we defineF,(s) as the limiting distribution ofX;, where
|
Ka(x,y) = f do Ai(x+ o)Ai(y + o), for \g=a<1,
Kx,y) = ° (2.13

KX y) = ICo(x,y) + Ai (X)J do Ai(y-o0), for a=1.
0

When 1< a<1/\q, the result(2.4) that the limiting dis-  dg=a2"4(1-q)*4a?-1)¥2/(1-aq?d)(a—g"?). Then the
tribution vanishes implies that we have to define anothefimiting distribution becomes the error function,
scaled height,

h(r=0,t =2N) — agN

HE = , 2.14 1 (s 1
N dgNY2 (2.19 lim P[H® < 5] = =f dée 2 forl<a<-=.
N—o0 V27 ) —w Vq
where ag=qY¥(1-2a0"?+a?)/(a-q*?)(1-aq¥® and (2.15
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B. Random matrix with deterministic source the fluctuation becomes the Gaussian while this becomes the

When we look at the above results, we notice a fact tha®YE Tracy-Widom distribution whe is sufficiently small.
the distribution atx=1, which we call GOE appears in the The eigenvalue st.at|§t|cs_ ¢2.16 and(2.17) IS analyzed
intertwining point between Gaussian statistics and RMT stal? [18—28. For the distribution of the largest eigenvalug
tistics. First, let us consider the distribution of the height atN€ir results lead to the Fredholm determinant expression,
the origin whena is extremely large. In this case we can P\, < s]=defl +Kyg]. (2.19
easily expect that it is the Gaussian since the height at the
origin is virtually determined by nucleations at the only oneHere the kerneKy(x,y) can be expressed as a double inte-
point, the left edge due to the ru(b). Equation(2.15 con-  gral,
firms this discussion. When:\s’a, on the other hand, it is
described by the GUE Tracy-Widom distribution as dis- N |-
cussed above. The GO®Hrises in the situation where these Kn(X,Y) = _f d_Uf EH
two statistics compete, i.e., wherr 1. N r2mi) 2w

Considering this property, we introduce a simple random
matrix model which is expected to describe the GUE random (2.20
matrix—Gaussian transition of the largest eigenvalue. We '
consider a random matrid, defined as whereI" denotes a contour enclosifg;};-;...n anticlock-
wise and the integration with respectuds taken from <o to

iu

€~ E e—u2/4—v2+iux+2uy

U_Ej . ’
v+iz

Ho=H+V, 219 and not to cros$'.
whereH is the GUE random matrix and is the determin- In this formula with the conditiori2.18), we consider the
istic diagonal matricesy=diag;) (j=1,...,N). The mea- following scaling limit,
sure can be defined as - X i v A\/N

=y =, Y=\ = €7 =

e dH,. (2.17 V2NY6 Y V2NV 2

Focusing on the case where (2.21)
e=ee==ey=0, (2.18 with A(=<1) fixed. This corresponds to the edge scaling limit

(2.6) of the eigenvalues. Applying the saddle point method,
we can expect that whea is sufficiently large the largest the limiting kernel can be calculated. The result depends on
eigenvalue is isolated from others by the effeck@nd then the value ofA,

ICZ(X,Y):I do Ai(X+ o)Ai(Y + o), for A <1,
0

Kn(x,y) — " (2.22
K15, Y) = Ko(X, Y) + Ai(X) f doAi(Y-0), for A=1.
0

Note that the kernel2.22) is exactly the same as that in the @ 2NAY—X)

PNG model with an external sour¢2.13 andA, the param- Kn(x,y) ~ Ka(X,Y) = —=—€*"2 for A>1.
eter of the deterministic source in RMT corresponda;tthe V27Bg

parameter of the external source in PNG model. Hence we (2.24

find that the height fluctuation in the PNG model with an
external source shares the limiting distribution with the larg-Thus we get

est eigenvalue fluctuation of the random matrix with deter- — .

ministic source defined if2.16—2.18. The same distribu- . A1~ AgVN 1 21

. . TN ; limP ss|=—| dée’”. (2.29
tions appear in the distribution of the largest eigenvalue of N0 Bg NPT -

the non-null complex sample covariance matrige3).
WhenA>1 in (2.21), we change the edge scalit®@21)  This result corresponds t¢2.15. Note that the factor
to e 2NAY-%) in (2.24) does not contribute to the Fredholm de-
— 1/2 — 1/2 terminant.
X_AG_N *BeX, y=ANT+ BoY, (2.23 At last we give a proof 0f2.24). The main result in this
where Ag=(1/V2)(A+1/A) and Bg=\(A2-1)/2A% The section(2.22) will be derived in Sec. Il D under a more
kernel is asymptotically general situation.
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Rescaling the variables i2.20 under the condition
(2.18 such that

N iu N N
U:\/>Z, —:\/>W, E:A\/>, (2.26
2 2 2 2

one finds

V2N e zw-A 1
KN(x,y) = W . dz . dw— —
—jw

wz-Aw-z
e(V2Ny-\2AcN)z

= Mfcw-fe@}
X e(\‘ﬁx—\EAGN)We ¢ N ! (227)

where the contouf”’ encloses the origin and anticlock-
wise and

W2 —
fo(w) = 5 V2AgW + In'w. (2.28

Kn(X,y) can be divided into two parts,
Kn(y) = KR0uy) + K2 00y). (2.29

Here Kﬁ\,l) and Kﬁ) correspond to a contour integral af
aroundA and the origin respectively and have the forms

\ﬁ/\ g(V2Ny-2AcN)A

(1) = ~Nfg(A)
KN (X, Y) o Nigh) €
» joo dl/ eNfG(W) 2 30
—jco W e(\mx—\iAGN)w' ( ' )

PHYSICAL REVIEW E 71, 041606(20095

Ky = 2N jgdzjm a2 L
N (2mi)? e WZ-AW-z

e(\‘ZT\ly—\EAGN)z N o) ()
N W)— V4
X e(\ﬁX*\EAGN)We ¢ ¢ ’ (2.31)

where$ means the contour enclosing the origin anticlock-
wise. We analyze the asymptotic form of e&dﬁ(i =1,2) by
the saddle point method under the scali@gg23.

At first we considerK((x,y). We deform the path of
integration ofw to the one which passes a critical poimat
=A of fg(w). We set

W=A+—= (2.32
and substitute this into the integrand (230 to get

Nfg(w) ~ Nfg(A) - Vf

e(\ﬁx—\EAGN)w . (\ﬁx—\EAGN)Aeiwlx_ (2.33

Thus one finds

_ e X2
KE\:IL) ~ e\2N1\(Y*X)?_ (2.39)

For Kﬁ)(x,y), we deform the path of the variabiein a
way that it crosses another critical poini=1/A of fg(2)
while as forw, we again us€2.32. Hencez is transformed
to

FIG. 3. (a) Rule of the multilayer PNG model.
Due to the ruléc) of the PNG model, the part
illustrated by the thick lines vanishes in the first
layer. This part, however, is recovered by the
nucleation of the layer below. For the second and
subsequent layers, we follow the same procedure.
(b) A typical configuration of the PNG droplet
with an external source fow=1, q:%, and t
=200.
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1 Wy
zZ=—+ , (2.3H
A V’%BG
and then we get
1\ _w
- Nfg(z) ~ = Nfg| — | - —,
s(2 e( A) >
. o (2.36
(V2Ny-\2AgN)Z __ o(V2Ny=\2AGN)/A giw,Y
Due to(2.33 and(2.36), one finds
K(Nz)(x,y) - N{fG(A)—fG(l/A)}eO(NlIZ)
- e—(N/2)(A2—1/A2—4 InA)eO(Nllz) ~0, (237

where we use\ >1.
Thus from(2.29), (2.34), and(2.37), we finally get(2.24).

Ill. FREE FERMIONIC PICTURE
A. Multilayer PNG

PHYSICAL REVIEW E 71, 041606(2005

walks. Note that we treat the space axis in the PNG model as
the time axis in the point of view of the vicious walk. The
advantage of the mapping is that as we will see below, the
measure can be described in the form of products of deter-
minants. This determinantal structure is associated with the
structure of wavefunction in thidl-body free fermions, i.e.,
the Slater determinant.

In [33], we could obtain the multipoint equal time joint
distributions in the PNG model having external sources at
both edges by introducing the multilayer PNG model. The
result specialized to the case considered here is the follow-
ing.

We define the scaled heighiy(7) near the origin as

h(2cN?37,t = 2N) — aN
le/3

where a and d are already given below2.3) and c=(1
+0)%3/g%®. We set the parameter of the external source as

Hy(7) = + 7, (3.1

w

a=l—w.

(3.2

In the above section we discussed the limiting distributionThe equal time multipoint distribution function near the ori-
of the scaled height at the origin in the PNG model and itggin is described by the Fredholm determinant,
dependence on the external source. In the next step, we

would like to consider the multipoint equal time joint distri- hl,'TmP[HN(Tl) = S Hn(7m) < Sl
butions. To do this, we introduce the multilayer PNG model
from the time evolution of the PNG modEgl1,12. =defl +Kg],
The rule of the multilayer PNG model is as follows. When o ®
two steps collide, the lower step is absorbed by the higher EE Z d§1 E dgkg(Tnlrgl)"'g(Tnk’ &)

one due to the ruléc). We recover this absorbed height as k=0 nl— n=l J -

the nucleation in the layer below. This situation and a typical wdef . K

example of the multilayer PNG model are illustrated in Fig. ISR DI N

3. Note that the first layer of the multilayer PNG model here(r, &)= Xis H(&(=1,2,
K7y, &5 7m0, 6) —/CSX(Tl,fl.Tz,fz)

(3.3

. The k i
represents the shape of the PNG droplet while other Iayers /M) The kemel is

record the time evolution of the growth.

If we treat theith layer of the multilayer PNG model as
the ith random walker, the multilayer PNG model can be
regarded as a noncolliding random walks called the vicious
walk. Thus the multipoint equal time correlation of the PNG
model, which is our target, corresponds to the dynamical
correlation of the first walker in the noncolliding random where

+Ai (§1)J d\ e @A (g, - ),
0

(3.9

o0

f dh MDA + MATE + ),
o0 (3.5

. f A\ eMTAN (g + MAT(E + M),

—00

T1 = T2,

’CEXI(TL&; 7,65) =

< Ty

In the case where al=0, another representation of this called the Airy proces§11,12. It describes the process
distribution has been obtained via Riemann-Hilbert methoaf the largest eigenvalue in the Dyson’'s Brownian mo-
by Baik and Raing14]. tion model in Hermitian matrices. It also describes the cor-

The kernellcg"t is called the extended Airy kern¢84] relation function of the PNG model without an external
and the process described by this Fredholm determinant source.
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Looking at the correlation functio(8.3) at one point case by j. By the Karlin-McGregor theorem, the measure that the
(m=1), we can find that it expresses the GAEUE transi-  walkers have a configuratic{lxﬁ”} is obtained as a product of
tion induced by both parameters of the external souremd  the determinants of propagators of the one-body Brownian
a positionr. Settingw=7,=0 in (3.4) in the one point case, motion,
we get K=K, which is the kernel of the edge scaling in

GOF ensemble while in the case whave— % or 7— o one M .

. . H 1 l

finds K ~ K, and the GUE case is recovered. 2111 de{l/lj'jﬂ(xﬁl),x(sﬁ ))]r,Fl' (3.6)
B. Noncolliding Brownian motion and multimatrix model HereZ is the normalization constant aw’jﬂ(xinlx(sﬁl).) is

In Sec. IIB the random matrix with a deterministic the propagator of the one body Brownian motion fmﬁ‘ﬁto
source, which corresponds to the PNG model with an exterx(s”l) with interval T;,
nal source was introduced from an intuitive argument. Here
we show that the measure of the random matrix with a de- o 1 _ _
terministic source is obtained naturally by considering the ¥+, xJ*) = == exp{- (xJ*? - x")%2T}}.
measure of the multilayer version of the PNG model with an V27T
external source. The analysis not only reproduces the result (3.7
in Sec. Il B but also provides a multimatrix model which has
the kernel(3.4) in the edge scaling limit.

As was shown in the above subsection, it is found through

Then we take the following scaling limit:

the multilayer PNG model that the structure of the vicious ﬂ i=0

walk (free-fermionic structuneis hidden in the measure of ) . 2 ’

the PNG model. Particularly we focus on the two propertiesT; =T(1=0,1,2,..,M), x'= ST =12 M
in the measure of the vicious walk. The first property is the VST T LS M
determinantal structure which the vicious walk and RMT by, j=M+1.
share. The second one is the topology of the vicious walk. In (3.9

our case, Fig. &), the top layer, which corresponds to the

top walker in the point of view of the vicious walk, seem to Note that if we take the parameter of the initial condition to
effect of the external source. In the study of vicious walks, ithecomes similar to that in the multilayer PNG model with an

has been known that in some cases the measure can be regternal source(See Fig. 4. Substituting(3.8) to (3.7), we
resented as that of a multimatrix model in an appropriateget

scaling limit and its topology determines the universality
classes of the measure in RM35,36. LM

_ Keep_mg in m|nd_ 'Fhe above two properties, we begl_n our =11 de[://j,jﬂ(xﬁ'),x(s‘”))]
discussion with writing down the measure of noncolliding Zi
Brownian motion which can be regarded as the continuous
limit of the vicious walk. Let xE”(r=1,... ,N,j=0,...,M whereZ’ is the normalization constant. The weight has
+1) be the position ofth walker from top at the time labeled the following form,

~ WD, M)

7 , (3.9

z

‘ VT
Z —\/’\/
ﬂgcx ‘\-
_——T‘\_’__f———\ N
z - FIG. 4. Noncolliding Brown-
z by . N . -
= /_/— b ian motion in the scaling limit
ﬁfn-z /—\—_—_ (38)
2 -\/ \_/
o VT
NN
. /
2
»nT
(i 1 2 e M M+1

—_—t
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" Dy ar (1), G+ ' 1 -
WiDA®, A= TTTT eV T defesit™s ] s=€%, ;= o o= 12 tu—e,
j=1r=1 j=1
3.1
de[ecofr)\(sl)] (“;S_/r “‘T’)}\(M)b i . ( 7)
Tde{e‘ MIEMY Ry S]. with t;=0. Then one find$3.15 can be represented as the
form of Dyson’s Brownian motion model,
(3.10 M1
) () ~ tr{Hjoy — €7H}
where\" means{\,"},-; y and H ex 1_ 20t
s( 1 1 \VS:S; Vs,
Vj(x)=—i<—+—>x2, cj:—J—“—l, c0=+1, xXexd - trH§+trVHl]dH1~--dHM. (3.18
2\rj_y 1 r 2rg
C. Dynamical correlation function
A =TT |x- X (3.11) In the above discussion we construct the Dyson’s Brown-
i< ian motion model with the deterministic source from the

noncolliding Brownian motion with the topology appropriate
to the multilayer PNG model with an external source. Next
we would like to analyze the process of the largest eigen-
value of this model since it corresponds to the equal time
correlation of the height distribution in the PNG model.
de{zfl"” J] E-&E+]- The measure for the eigenvalues(8118) is

lim = . (3.12 i
{z}—1 de{z| ] 1=i<j=N j-i M-1 0 i+ ()\ n)2
[T def ot A5t A
where{&} € C", one finds for largd, i=1

In (3.10, we include the term\(e) in order to get a finite
expression when we consider the special case wi2eté) in

the later discussion. Applying to the last term i the

following formula,

def eV A AN xdefe™ N _, def(\M)k SN (319
def e S b = {{( L J]]de{(@gm>,\T)N ] (9™ Jjiea o)) J21e - (3.19)
d where we denote the eigenvalue for the mathl as
[ Yu(di=b) An™) e,
1migjen j-i TV qo(ti,x;tj,y)
313 ] | —tiy)2
Thus we get =1 V(1 -e2t) 1—e2I i
0, for t; >t;.
— —V()\ )y C)\(J)A(Hl) : !
im T = —H H H defe’i ] (3.20

Tow Z/ ZII
j=1r=1
Under this measure, we focus on the following probability:

22 IA M, (3.14 PN < s, A < syl (3.21)

de[ecoer)\( )

Ale)

Up to a trivial constant(3.14) is equivalent to the weight of
the eigenvalues of the Hermitian multimatrix model,

]

We analyze this quantity by following the strategy of Johans-
son[12] although we can caluclate it also by the method of
Brézin-Hikami[19] with some effort.

M-1 In [12] it is shown that the correlation functidB.21) can
H e ™iH) [ emoiHiHivgroVHigH,.--dH,,. (3.15  be expressed as the Fredholm determinant for the case where
=1 the measure is given in the determinantal form suct8d<9

by generalizing the method of Tracy-Wildor&9]. Applying

Here Hi(j=1,...,M) is an NXN Hermitian matrix andV
'(J ) the procedure t¢3.19, we get

=diag€). This equivalence can be shown through the
Harish-Chandra, Itzykson-Zuber integfal7,38, PNP <5, AW <sy]=defl+Ky], (3.22

defexp(ab;)] (3.16 whereg(tj,x)=~x(s = (x). The kemel is

Al@)Acb) K(toXitey) =K' (b, XitsY) - dlt.xitsy),  (3.23
whereU is N X N unitary matrix,dU is the Haar measure and
A and B are NX N Hermitian matrices with eigenvalues

f dU exp(tr AUBU')

where

and b; respectively. Note than in the case of one matrix Nl

model, (3.15 is the same form as the random matrix with K (t,XtsY) = 2 0t ty) (A, Pltoits ),
deterministic sourcé2.16) and (2.17) discussed in Sec. Il. 1:k=0

We further transform the variabless andr; as (3.29

041606-8
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\Ifj(x,t,;tM)=J ot X ty,y)y'dy, (3.29 EJJ(O;tS,y):f Fj,E(x)e"xzcj)(O,x;ts,y)dx, (3.39

. . - - e +1%_—x? . - ®
®;(0;t5,y) J_mel e ¢(0,xt5y)dx,  (3.26 ‘Ifj(X.tr:tM)=f Bt Xty V)G etey)dy, (339

A= f dx dy €+ H(0,x:ty, Y)Y, (3.27) _ . )
- A= f dx dy F (x)e™ ¢(0,X;ty,Y) Gy etueY) -

The analysis of the kernel using above equations seems to be -

difficult since (3.24) involves the inverse matrix. However, (3.36)
we can tackle this difficulty by improving the method of

orthogonal polynomial in RMT40]. We use efficiently the  Substituting(3.20), (3.28, and(3.29 into these equations,
degree of freedom that the value of a determinant is unwe get

changed by elementary transformations. Let us defjnéx)

by

Dj(0itey) =€ 1125V 1 (y),  (3.37)
~7212+\22x
dz e )
Fre(x) = ki22 J P a— (3.29
(e < , S it = (12 (ty )
H (Z_ € ) j(xvtr!tM) =€ Gj,e_tré(x)! (338)
1=1

where I'(¢’) represents the contours enclosing all pointsand
€(1=1,... ,k+1) anticlockwise. We also defing, (x) by

K2 ok A = e L2ty J dx F, (X)Gy .(x)e™
Grd) = —¢° J dw &2 2T (w-¢), (3.29 a T
vem -y = = 0127215 (3.39
where el’:q/\s‘”i(lzl,... ,N) and y represents an arbitrary
path running from i to i=. The representations & (X) e choseF andG in such a way thaﬁj « becomes diagonal
andG; (x) in (3.28 and(3.29 corresponds to the multiple and can hence be easily invertible. Note that wierd and
Hermite polynomial of type | and Il respectively discussed int, =0, (3.39 represents the orthogonality of the Hermite

[28] except some prefactors. Note that wher0, both  polynomials. Our treatment here generalizes the method of
(3.28 and(3.29 become the integral representation of theorthogonal polynomials for the mutimatrix model between

Hermite polynomial with degrek. _ ~ GUE[41,47 to the case with an external source.
One can easily check th&{(x)’s (G,’s) are linear combi- Substituting(3.37—(3.39 to (3.33, one gets
nations ofe’*s (x“s). Hence one finds
PN VT e - N a2ty ~
defe™ Jjj=, = constx defF; (\g )]'k:'l,_j_'?Nl’ K'(tr, Xt y) = . r—zj_"l’j(X,tr;tm)@j(O;ts,y)
(3.30 j=0 7Ll
N-1

2 i -
=€’ S Gj e, [ et ly)e 20
..... 1 j=0

(3.3 s 212612ty f
= -y —_— dz
Applying the same procedure as above, one can show that (2mi)? (e tse’)
the operatoK on the right hand side i63.21) can be re- j
placed by another operaté, with the kernelK(t,,X;ts,y), Ne1 1] erw- €
~ ~, % dWé/VZIZ—&Wx—ZZIZﬂ‘Ezy Ilzl—’
Kt Xitsy) =K't 6t y) = ¢t Xits ), (3.39 L JEO j+
[Iesz-¢
where I=1
B N-1 B B (3.40
K,(ter;tSvy) = 2 \Pj(xltr;tM)(A_l)j,chk(o;tsly),
1:k=0 where in the last equality we us@®.28 and (3.29. The

(3.33 summation term in the integrand can be deformed to
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We analyze the asymptotic behavior (.43 by applying
the saddle point method. We scale the variable&id3 as

wWo€ oy
I=1 _H<e‘rw—e|'){ 1
~ j+1 - = elsz— ¢ elryy — €/ — Jont gl — Jont 52
j=0 e o I=1 N X=v2N+ \ENM’ y=v2N + \J’ENM,
1=1
. e5z— ey t _ t _
(e'"w — €{_p) (e"w — ) N TE I AN
. (52— &) --(z— &) }
(etrw— E:,l)' . .(etrw— 6"\]) €= \rﬁ(l _ &3) ) (345)
ew - ¢ 1 - . .
=11 . , i ¢ The critical point of the functiorf(w),
1=1 \ €2 ¢ glrw — €'sz
w.=1, 34
etSZ— €|, 1 ¢ ( 6)
N 1 \ew—¢ /ew—esz |’ turns out to be the double critical point,
(3.4) f'(wg) = f"(w,) = 0. (3.47
From (3.40 and (3.4 one finally finds the double integral Thus by deforming the paths of the integration(343) in a
formula of the kernel, way that they cross the critical point,
~ ‘Ee(l/z)(t,—ts) o |W_1
R (totyy) = 2 j dz f dw w=1- 35, (3.49
(277') F(eﬁtser) y
N = .
ew - g/\2 1 W,
z=1+—=, 3.49
o1 sz — g/\2 wers—z NEE (3.49
erZ/Z—\§WX—22/2+\EZy, (342) we get
where we use the fact that the second terr(8id1) does not MW=} _ il wien) (3.50
contribute to the double integral {8.40. In the one matrix
case wheré, =t,, the kernel in(3.42), becomes equivalent to Where we use
the kernel(2.20 obtained by Brézin-Hikami except the pre- F(w,)
fector irrelevant for the determinant. f(w) ~ f(wg) + f' (W) (W= W) + o < (w—w)?
D. GOE2-GUE transition (W) 3. —3 i
+ w-wp)d=— + —wd 3.5
31 ( c) 2 3N 1 ( 1)

We consider the asymptotic form of the kerii@l23 un-

der the edge scaling. Hereafter we consider the case Whe|=_%r other terms in(3.43 we obtain the asymptotic forms
e=€ =0(j=2,...,N). Rescaling the integration variables |, o+ the scaling3.45

w, z, the kernel(3.42 is rewritten as
ew— e/\2N T+ w—iwg

B [oNE LD Mt) = ~ —, (3.52
K’(tl,X;t2,Y) - ex2_y2\ ZN(z( .)2 e(N—l)(tl_tz) etZZ_ E/\/ZN Ty + w+1W,
i
t long 13
zew— e/ V2N 1 1 N
X f de dW_ — t —t -~ = . R ) (3'53)
v, Jy  Wez—e\2N weitz—z wei2—z T, — T +iWq +iW,
AT 2Nzy-2N
———Nifw)-1@); (3.43 glenzyez 13— g)4i i
@V2Nwx-2Nw m ~ N & 51)+|§1W1+'§2W2, (3.54)
where the contoul’y, encloses the origin ané2¢' /N
counterclockwise and @CYHLU2( -+ (N-D)(tyt) . 2NY(-8p) N (ry=rp)
flw) = Viz 2w+ Inw (3.44) 1359
2 ' ‘ Hence we eventually find
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K’ ~ \’ENlISeNZI?’(7-1—7-2)+N1’3(§1—§2) It is also necessary to consider the asymptotics of
¢(t1,X;t5,y) in (3.20 under the same scaling as (8.45.
“dwy (7 dw, 1 One has
X — | S\~ -
e 2 ) 2\ Ty — T+ i(Wy W) 1 N/3 1
_ ~ l + — —
1\ e e
_ e|(§1w1+§2w2)+(|/3)(w1+w2)
w+ T2 + iW2 + 1 ( )2 "
(=1 et
_ \e‘ENllGeNZIS(Tl_TZ) +Nl/3(§1‘§2) 3N2/3 2 1
- 1
) {L dh €A (6 + VAT (6 +)) (@hrtex—y)? - 2N1/3{(Tz_ )~ (r= )’
% 1
+Ai(&) f d\ e @A (& -\ 7, (3.56 RRNTES I UG )
0
1 7
- sl E)(n - )+ —a(r - m)*
where we use the integral representation of the Airy function, 7] G P N '

1
+ W,(fz_ &)+ NéTl/g(Tz— 7'1)2}. (3.58

Ai(x) = f dn @i, (3.57)
- Substituting these int¢3.20, one gets

V2NYENri=rp) +NY 3y -85) f d\ eMTTAI(E + NAI(E+N) for 7 < 1,

b~ - (3.59
0 for 7 > 7.
[
Thus we finally find not be understood by the previous interpretation of the EOE
N oa s as “the square of GOE.” Our model gives not only another
V2NYVOK — N NG 8I[C (1) &5 7, 65) representation of the GGBbut also a unified picture includ-

(3.60 ing GUE, GOE and their transition.

We have also considered a vicious walk model which has
whereK(r,é;; 7, &) is the same as the one appearing in thea similar topology to that of the multilayer PNG model. In an
analysis of the PNG model with external sou(8ed). Since  appropriate limit, this leads us to a Dyson’s Brownian mo-
the prefactor is irrelevant to the value of Fredholm determition model with a deterministic source as an initial condition.
nants, we have shown that the fluctuation of the PNG heigh#t last we have found the process of the largest eigenvalue in
described by3.3)—(3.5) is equivalent to the fluctuation of the the edge scaling of this model describes the multipoint joint
largest eigenvalue of the multimatrix mod@.18 with an  distributions of the PNG model with an external source.
appropriate choice o¥.
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