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We present a random matrix interpretation of the distribution functions which have appeared in the study of
the one-dimensional polynuclear growthsPNGd model with external sources. It is shown that the distribution,
GOE2, which is defined as the square of the Gaussian orthogonal ensemblesGOEd Tracy-Widom distribution,
can be obtained as the scaled largest eigenvalue distribution of a special case of a random matrix model with
a deterministic source, which have been studied in a different context previously. Compared to the original
interpretation of the GOE2 as “the square of GOE,” ours has an advantage in that it can also describe the
transition from the Gaussian unitary ensemblesGUEd Tracy-Widom distribution to the GOE2. We further
demonstrate that our random matrix interpretation can be obtained naturally by noting the similarity of the
topology between a certain noncolliding Brownian motion model and the multilayer PNG model with an
external source. This provides us with a multimatrix model interpretation of the multipoint height distributions
of the PNG model with an external source.
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I. INTRODUCTION

The universality of eigenvalue correlations in random ma-
trix theorysRMTd has been arising in various fields in phys-
ics. The most recent appearance is in the one-dimensional
Kardar-Parisi-ZhangsKPZd universality classf1g which is a
fundamental universality in non-equilibrium statistical me-
chanics. It has been found that the fluctuation of certain
physical quantities in the KPZ universality class is equiva-
lent to that of the largest eigenvalue in RMT. This fact was
first pointed out in the polynuclear growthsPNGd model f2g
and the totally asymmetric simple exclusion processsTASEPd
f3g based on the Baik-Deift-Johansson theorem in random
permutationsf4g.

The PNG model is a stochastic surface growth model and
is the most well-understood model in the relation with RMT.
Based on the results on the symmetrized random permuta-
tions f5–7g, the properties of the height fluctuation of the
PNG model have been analyzed for various boundary condi-
tions. In f2g the height fluctuation of the PNG droplet in an
infinite space was analyzed. It turned out that the height fluc-
tuation is described by the GUE Tracy-Widom distribution
f8g. On the other hand, in case of the growth on half line, the
height fluctuation at the boundary is described by the GOE
and Gaussian symplectic ensemblesGSEd Tracy-Widom dis-
tribution f9g according to the strength of an external source
at the boundaryf10g. Furthermore the equal time correlation
of the height fluctuation at distinct points has also been ana-
lyzed for the PNG model. It has been found that it is equiva-
lent to the process of the largest eigenvalue in the Dyson’s
Brownian motion model between GUEs in the case of the
growth on infinite linef11,12g while in half infinite case, it

corresponds to the process in the model which describes the
transition between GOE/GSE and GUEf13g.

In addition to the Tracy-Widom distributions for the fun-
damental three classes in RMT, GOE, GUE and GSE, two
distribution functions, which had not been discussed in the
study of RMT, arose in the description of the height fluctua-
tion of the PNG droplet on infinite line with external sources
at boundariesf10,14g. These are calledF0 and GOE2. These
functions also appear in the study of current fluctuations in
TASEP f15,16g. There are also distribution functions which
describe the transitions between two functions mentioned
above. For instance, there is a distribution function, depend-
ing on a parameterv, which approaches the GUE Tracy-
Widom distribution asv→`, tends to the Gaussian as
v→−` and becomes GOE2 when v=0. We have not yet
known what kind of random matrix ensemble corresponded
to F0. The GOE2, on the other hand, can be understood in
terms of the language of RMT. It is written as the square of
the GOE Tracy-Widom distribution and can be interpreted as
the distribution function of the larger of the largest eigenval-
ues of two independent GOEs. Its Fredholm determinant rep-
resentation was obtained inf17g. There, it was also shown
that the scaling limit of certain eigenvalue statistics of two
independent GOEs is described by its kernel.

In this paper, we present another point of view of the
GOE2 as the scaled largest eigenvalue distribution of a ran-
dom matrix with a deterministic source. The advantage of
this ensemble is that it can describe the GUE-GOE2 transi-
tion in the PNG model, which is induced by the change of
the external source while this transition cannot be obtained
by the measure of “the square of GOE.”

From the point of view of the PNG model with external
sources, our viewpoint is more natural than that of “the
square of GOE.” We turn our attention on the topology and
the structure of the determinantal measure in the multilayer
version of the PNG model with an external source. Our ran-
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dom matrix ensemble is obtained by noticing that a certain
type of the noncolliding Brownian motion has a similar to-
pology and the structure of the measure.

The random matrix obtained in this paper is a special case
of the random matrix with a deterministic source, which has
been studied inf18–26g. In a special case, which is different
from ours, its eigenvalue statistics has an interesting property
that the level spacing distribution becomes an intermediate
one between the Poisson and the Wigner-Dyson statistics.
This property connects it with the fields in physics such as
the quantum chaos, the metal-insulator transition in disor-
dered systems and so on. Recently the universality of such
eigenvalue statistics in this model have been analyzed by the
Riemann-Hilbert techniquef27–30g.

This paper is arranged as follows. In the next section we
summarize the results on the height distribution in the PNG
model with an external source. Then we introduce a random
matrix with a deterministic source and compare its largest
eigenvalue statistics with the height fluctuation of the PNG
model. In Sec. III we consider a reason why such a random
matrix model appears in the context of the PNG model with
an external source. We notice that the multilayer version of
the PNG model can be regarded as a noncolliding many
body random walkssvicious walkd and hence inherits a free
fermionic picture. By considering a certain vicious walk
which is expected to have a similar property to the multilayer
PNG model, we see there appears naturally a Dyson’s
Brownian motion modelsa multimatrix modeld involving an
external source in the initial condition. Finally we show the
equal-time correlation of the PNG model with an external
source is equivalent to the dynamical correlations of the larg-
est eigenvalue in the Dyson’s Brownian motion model. The
last section is devoted to the conclusion.

II. PNG MODEL AND RANDOM MATRIX WITH
DETERMINISTIC SOURCE

A. PNG model with external source

First of all we give the definition of the one-dimensional
discrete PNG modelf12g. Let r [ h… ,−1,0,1,…j and
t[ h1,2,…j be the space and time coordinate, respectively.
The model is a stochastic surface growth model and consists
of the rulessad–scd. Figure 1 illustrates these rules.

sad At time t, a nuclear is generated randomly at
r =−t+1,−t+3,… ,t−3,t−1. The heightks=0,1,2,…d of
each nuclear is independent ofr and obeys the geometric

distribution with some parameter which is fixed shortly.
This is called nucleation. While a nucleation is stochastic, a
growth after the nucleation given by the rulessbd and scd is
deterministic.

sbd Each nuclear grows laterally with one step toward
right and left at each time step and then forms a step.

scd When a step crashes against another step, the
height of the crashing point is that of the higher one.
These rulessad–scd can be formulated by a single equation,

hsr,t + 1d = maxfhsr − 1,td,hsr,tdhsr + 1,tdg + vsr,t + 1d.

s2.1d

Here hsr ,td is the height of the surface at timet and at
position r, andvsr ,td means a height of a nucleation which
is a random variable.

In this paper we set the random variablevsr ,td as follows.

s2.2d

Because of the condition that the nucleation occurs only
when t− ur u.0, the surface grows into a droplet shape. The
condition thatt−r is odd is imposed only for a technical
reason and is irrelevant to the physical properties. Basically
vsr ,td is a geometric random variable with a parameterq.
Only on the left edge, the parameter isaÎqsÎqøa,1/Îqd.
Thus the parametera adjusts the boundary condition as an
external source. This situation representings2.2d is depicted
in Fig. 2.

In the setting ofs2.1d ands2.2d, we focus on the distribu-
tion of the scaled height at the originHN defined as

HN =
hsr = 0,t = 2Nd − aN

dN1/3 , s2.3d

wherea=2Îq/ s1−Îqd, d=s1+Îqd1/3q1/6/ s1−Îqd. The limit-
ing distribution has been obtained inf2,10,14g. It depends
dramatically on the value ofa. The result is

FIG. 1. Rules of the discrete PNG model.
Here we draw the solid lines usinghsfrg ,td.
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lim
N→`

PfHN ø sg =5
F2ssd, for Îq ø a , 1,

F1ssd2, for a = 1,

0, for 1 , a ,
1
Îq

,

s2.4d

whereF2ssd andF1ssd are the GUE and GOE Tracy-Widom
distribution, respectivelyf8,9g. F2ssd is defined as follows.
Let l1 be the largest eigenvalue inN3N GUE random ma-
trix with the measure

e−trM2
2
dM2, s2.5d

where M2 is an N3N Hermitian matrix. Taking the edge
scaling forl1,

l1 = Î2N +
X1

Î2N1/6
, s2.6d

we defineF2ssd as the limiting distribution ofX1,

F2ssd ; lim
N→`

PfX1 ø sg. s2.7d

F1ssd is also defined in the same way as above forN3N
GOE random matrix with the measure

e−trM1
2/2dM1, s2.8d

whereM1 is anN3N real symmetric matrix. Hence the dis-
tribution F1ssd2, can be interpreted as the distribution of the
largest eigenvalue in the superimposition of eigenvalues of
two independent GOE random matrices. In this sense the
distribution defined byF1ssd2 is denoted as GOE2.

Both F2ssd andF1ssd2 can be represented as the Fredholm
determinant,

F2ssd = detf1 +K2gg, F1ssd2 = detf1 +K12gg, s2.9d

wheregsxd=−xss,`dsxd. The definition of the Fredholm deter-
minant with kernelKsx,yd is

detf1 +Kgg = o
k=0

`
1

k!
E

−`

`

¯E
−`

`

dx1¯dxkgsx1d¯gsxkd

3detfKsxi,xjdgi,j=1
k . s2.10d

The kernelsK2sx,yd andK12sx,yd have the following form:

K2sx,yd =E
0

`

ds Ai sx + sdAi sy + sd,

K12sx,yd = K2sx,yd + AisxdE
0

`

ds Ai sy − sd. s2.11d

HereK2sx,yd is called the Airy kernelf31g andK12sx,yd is
obtained inf17g.

Thus, whenaø1, the results2.4d can be rewritten as

lim
N→`

PfHN ø sg = detf1 +Kgg, s2.12d

where

Ksx,yd =5K2sx,yd =E
0

`

ds Ai sx + sdAi sy + sd, for Îq ø a , 1,

K12sx,yd = K2sx,yd + AisxdE
0

`

ds Ai sy − sd, for a = 1.

s2.13d

When 1,a,1/Îq, the results2.4d that the limiting dis-
tribution vanishes implies that we have to define another
scaled height,

HN
sGd =

hsr = 0,t = 2Nd − aGN

dGN1/2 , s2.14d

where aG=q1/2s1−2aq1/2+a2d / sa−q1/2ds1−aq1/2d and

dG=a1/2q1/4s1−qd1/2sa2−1d1/2/ s1−aq1/2dsa−q1/2d. Then the
limiting distribution becomes the error function,

lim
N→`

PfHN
sGd ø sg =

1
Î2p

E
−`

s

dj e−j2/2, for 1 , a ,
1
Îq

.

s2.15d

FIG. 2. Typical situation in the PNG droplet with an external
source. In this model the rate of growth at the left edgesr =−t+1d is
higher than that at other places since the parameter of a nucleation
at the left edge,aÎq, is larger than that at other points,q.
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B. Random matrix with deterministic source

When we look at the above results, we notice a fact that
the distribution ata=1, which we call GOE2, appears in the
intertwining point between Gaussian statistics and RMT sta-
tistics. First, let us consider the distribution of the height at
the origin whena is extremely large. In this case we can
easily expect that it is the Gaussian since the height at the
origin is virtually determined by nucleations at the only one
point, the left edge due to the rulesbd. Equations2.15d con-
firms this discussion. Whena=Îq, on the other hand, it is
described by the GUE Tracy-Widom distribution as dis-
cussed above. The GOE2 arises in the situation where these
two statistics compete, i.e., whena=1.

Considering this property, we introduce a simple random
matrix model which is expected to describe the GUE random
matrix–Gaussian transition of the largest eigenvalue. We
consider a random matrixH0 defined as

H0 = H + V, s2.16d

whereH is the GUE random matrix andV is the determin-
istic diagonal matrices,V=diagse jd s j =1,… ,Nd. The mea-
sure can be defined as

e−trH2
dH0. s2.17d

Focusing on the case where

e1 = e,e2 = ¯ = eN = 0, s2.18d

we can expect that whene is sufficiently large the largest
eigenvalue is isolated from others by the effect ofe and then

the fluctuation becomes the Gaussian while this becomes the
GUE Tracy-Widom distribution whene is sufficiently small.

The eigenvalue statistics ofs2.16d and s2.17d is analyzed
in f18–26g. For the distribution of the largest eigenvaluel1,
their results lead to the Fredholm determinant expression,

Pfl1 ø sg = detf1 + KNgg. s2.19d

Here the kernelKNsx,yd can be expressed as a double inte-
gral,

KNsx,yd = −E
G

dv
2pi

E du

2p
p
j=1

N 3− e j −
iu

2

v − e j
4e−u2/4−v2+iux+2vy

v + i
u

2

,

s2.20d

where G denotes a contour enclosinghe jj j=1,̄ ,N anticlock-
wise and the integration with respect tou is taken from −̀ to
` and not to crossG.

In this formula with the conditions2.18d, we consider the
following scaling limit,

x = Î2N +
X

Î2N1/6
, y = Î2N +

Y
Î2N1/6

, e = LÎN

2
,

s2.21d

with Lsø1d fixed. This corresponds to the edge scaling limit
s2.6d of the eigenvalues. Applying the saddle point method,
the limiting kernel can be calculated. The result depends on
the value ofL,

KNsx,yd⇀ 5K2sX,Yd =E
0

`

ds Ai sX + sdAi sY + sd, for L , 1,

K12sX,Yd = K2sX,Yd + AisXdE
0

`

ds Ai sY − sd, for L = 1.

s2.22d

Note that the kernels2.22d is exactly the same as that in the
PNG model with an external sources2.13d andL, the param-
eter of the deterministic source in RMT corresponds toa, the
parameter of the external source in PNG model. Hence we
find that the height fluctuation in the PNG model with an
external source shares the limiting distribution with the larg-
est eigenvalue fluctuation of the random matrix with deter-
ministic source defined ins2.16d–s2.18d. The same distribu-
tions appear in the distribution of the largest eigenvalue of
the non-null complex sample covariance matricesf32g.

WhenL.1 in s2.21d, we change the edge scalings2.21d
to

x = AGN1/2 + BGX, y = AGN1/2 + BGY, s2.23d

where AG=s1/Î2dsL+1/Ld and BG=ÎsL2−1d /2L2. The
kernel is asymptotically

KNsx,yd , KGsX,Yd =
eÎ2NLsy−xd

Î2pBG

e−x2/2, for L . 1.

s2.24d

Thus we get

lim
N→`

PFl1 − AG
ÎN

BG
ø sG =

1
Î2p

E
−`

s

dj e−j2/2. s2.25d

This result corresponds tos2.15d. Note that the factor
eÎ2NLsy−xd in s2.24d does not contribute to the Fredholm de-
terminant.

At last we give a proof ofs2.24d. The main result in this
section s2.22d will be derived in Sec. III D under a more
general situation.
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Rescaling the variables ins2.20d under the condition
s2.18d such that

v =ÎN

2
z, −

iu

2
=ÎN

2
w, e = LÎN

2
, s2.26d

one finds

KNsx,yd =
Î2N

s2pid2E
G8

dzE
−i`

i`

dw
z

w

w − L

z− L

1

w − z

3
esÎ2Ny−Î2AGNdz

esÎ2Nx−Î2AGNdweNhfGswd−fGszdj, s2.27d

where the contourG8 encloses the origin andL anticlock-
wise and

fGswd =
w2

2
− Î2AGw + ln w. s2.28d

KNsx,yd can be divided into two parts,

KNsx,yd = KN
s1dsx,yd + KN

s2dsx,yd. s2.29d

Here KN
s1d and KN

s2d correspond to a contour integral ofz
aroundL and the origin respectively and have the forms

KN
s1dsx,yd ;

Î2NL

2pi

esÎ2Ny−Î2AGNdL

eNfGsLd e−NfGsLd

3E
−i`

i` dw

w

eNfGswd

esÎ2Nx−Î2AGNdw , s2.30d

KN
s2dsx,yd ;

Î2N

s2pid2R dzE
−i`

i`

dw
z

w

w − L

z− L

1

w − z

3
esÎ2Ny−Î2AGNdz

esÎ2Nx−Î2AGNdweNhfGswd−fGszdj, s2.31d

where r means the contour enclosing the origin anticlock-
wise. We analyze the asymptotic form of eachKN

sidsi =1,2d by
the saddle point method under the scalings2.23d.

At first we considerKN
s1dsx,yd. We deform the path of

integration ofw to the one which passes a critical pointwc
=L of fGswd. We set

w = L +
iw1

Î2NBG

s2.32d

and substitute this into the integrand ins2.30d to get

NfGswd , NfGsLd −
w1

2

2
,

esÎ2Nx−Î2AGNdw , esÎ2Nx−Î2AGNdLeiw1X. s2.33d

Thus one finds

KN
s1d , eÎ2NLsy−xd e−X2/2

Î2pBG

. s2.34d

For KN
s2dsx,yd, we deform the path of the variablez in a

way that it crosses another critical pointzc=1/L of fGszd
while as forw, we again uses2.32d. Hencez is transformed
to

FIG. 3. sad Rule of the multilayer PNG model.
Due to the rulescd of the PNG model, the part
illustrated by the thick lines vanishes in the first
layer. This part, however, is recovered by the
nucleation of the layer below. For the second and
subsequent layers, we follow the same procedure.
sbd A typical configuration of the PNG droplet
with an external source fora=1, q= 1

4, and t
=200.
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z=
1

L
+

iw2

Î2NBG

, s2.35d

and then we get

− NfGszd , − NfGS 1

L
D −

w1
2

2
,

s2.36d
esÎ2Ny−Î2AGNdz , esÎ2Ny−Î2AGNd/Leiw2Y.

Due to s2.33d and s2.36d, one finds

KN
s2dsx,yd , eNhfGsLd−fGs1/LdjeOsN1/2d

= e−sN/2dsL2−1/L2−4 InLdeOsN1/2d → 0, s2.37d

where we useL.1.
Thus froms2.29d, s2.34d, ands2.37d, we finally gets2.24d.

III. FREE FERMIONIC PICTURE

A. Multilayer PNG

In the above section we discussed the limiting distribution
of the scaled height at the origin in the PNG model and its
dependence on the external source. In the next step, we
would like to consider the multipoint equal time joint distri-
butions. To do this, we introduce the multilayer PNG model
from the time evolution of the PNG modelf11,12g.

The rule of the multilayer PNG model is as follows. When
two steps collide, the lower step is absorbed by the higher
one due to the rulescd. We recover this absorbed height as
the nucleation in the layer below. This situation and a typical
example of the multilayer PNG model are illustrated in Fig.
3. Note that the first layer of the multilayer PNG model
represents the shape of the PNG droplet while other layers
record the time evolution of the growth.

If we treat theith layer of the multilayer PNG model as
the ith random walker, the multilayer PNG model can be
regarded as a noncolliding random walks called the vicious
walk. Thus the multipoint equal time correlation of the PNG
model, which is our target, corresponds to the dynamical
correlation of the first walker in the noncolliding random

walks. Note that we treat the space axis in the PNG model as
the time axis in the point of view of the vicious walk. The
advantage of the mapping is that as we will see below, the
measure can be described in the form of products of deter-
minants. This determinantal structure is associated with the
structure of wavefunction in theN-body free fermions, i.e.,
the Slater determinant.

In f33g, we could obtain the multipoint equal time joint
distributions in the PNG model having external sources at
both edges by introducing the multilayer PNG model. The
result specialized to the case considered here is the follow-
ing.

We define the scaled heightHNstd near the origin as

HNstd =
hs2cN2/3t,t = 2Nd − aN

dN1/3 + t2, s3.1d

where a and d are already given belows2.3d and c=s1
+Îqd2/3/q1/6. We set the parameter of the external source as

a = 1 −
v

dN1/3. s3.2d

The equal time multipoint distribution function near the ori-
gin is described by the Fredholm determinant,

lim
N→`

PfHNst1d ø s1,…,HNstmd ø smg

= detf1 +KGg,

;o
k=0

`
1

k! o
n1=1

m E
−`

`

dj1¯o
nk=1

m E
−`

`

djkGstn1
,j1d¯Gstnk

,jkd

3detfKstnl
,jl ;tnl8

,jl8dgl,l8=1
k , s3.3d

whereGst j ,jd=−xssj,`dsjds j =1,2,… ,md. The kernel is

Kst1,j1;t2,j2d = K2
extst1,j1;t2,j2d

+ Aisj1dE
0

`

dl e−sv+t2dlAi sj2 − ld,

s3.4d

where

K2
extst1,j1;t2,j2d =5 E

0

`

dl e−lst1−t2dAi sj1 + ldAi sj2 + ld, t1 ù t2,

−E
−`

0

dl e−lst1−t2dAi sj1 + ldAi sj2 + ld, t1 , t2.

s3.5d

In the case where allti =0, another representation of this
distribution has been obtained via Riemann-Hilbert method
by Baik and Rainsf14g.

The kernelK2
ext is called the extended Airy kernelf34g

and the process described by this Fredholm determinant is

called the Airy processf11,12g. It describes the process
of the largest eigenvalue in the Dyson’s Brownian mo-
tion model in Hermitian matrices. It also describes the cor-
relation function of the PNG model without an external
source.
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Looking at the correlation functions3.3d at one point case
sm=1d, we can find that it expresses the GOE2-GUE transi-
tion induced by both parameters of the external sourcev and
a positiont. Settingv=t1=0 in s3.4d in the one point case,
we get K=K12 which is the kernel of the edge scaling in
GOE2 ensemble while in the case wherev→` or t→` one
finds K,K2 and the GUE case is recovered.

B. Noncolliding Brownian motion and multimatrix model

In Sec. II B the random matrix with a deterministic
source, which corresponds to the PNG model with an exter-
nal source was introduced from an intuitive argument. Here
we show that the measure of the random matrix with a de-
terministic source is obtained naturally by considering the
measure of the multilayer version of the PNG model with an
external source. The analysis not only reproduces the result
in Sec. II B but also provides a multimatrix model which has
the kernels3.4d in the edge scaling limit.

As was shown in the above subsection, it is found through
the multilayer PNG model that the structure of the vicious
walk sfree-fermionic structured is hidden in the measure of
the PNG model. Particularly we focus on the two properties
in the measure of the vicious walk. The first property is the
determinantal structure which the vicious walk and RMT
share. The second one is the topology of the vicious walk. In
our case, Fig. 3sbd, the top layer, which corresponds to the
top walker in the point of view of the vicious walk, seem to
start from the point far from the other walkers due to the
effect of the external source. In the study of vicious walks, it
has been known that in some cases the measure can be rep-
resented as that of a multimatrix model in an appropriate
scaling limit and its topology determines the universality
classes of the measure in RMTf35,36g.

Keeping in mind the above two properties, we begin our
discussion with writing down the measure of noncolliding
Brownian motion which can be regarded as the continuous
limit of the vicious walk. Let xr

s jdsr =1,… ,N, j =0,… ,M
+1d be the position ofrth walker from top at the time labeled

by j . By the Karlin-McGregor theorem, the measure that the
walkers have a configurationhxr

s jdj is obtained as a product of
the determinants of propagators of the one-body Brownian
motion,

1

Z
p
j=0

M

detfc j ,j+1sxr
s jd,xs

s j+1ddgr,s=1

N
. s3.6d

HereZ is the normalization constant andc j ,j+1sxr
s jd ,xs

s j+1dd is
the propagator of the one body Brownian motion fromxr

s jd to
xs

s j+1d with interval Tj,

c j ,j+1sxr
s jd,xs

s j+1dd =
1

Î2pTj

exph− sxs
s j+1d − xr

s jdd2/2Tjj .

s3.7d

Then we take the following scaling limit:

Tj = r jTs j = 0,1,2,…,Md, xr
s jd =5

ÎTer

2
, j = 0,

ÎsjTlr
s jd, j = 1,2,…,M ,

br , j = M + 1.

s3.8d

Note that if we take the parameter of the initial condition to
be e1=e, e2=¯=eN=0, the topology of the configuration
becomes similar to that in the multilayer PNG model with an
external source.sSee Fig. 4.d Substitutings3.8d to s3.7d, we
get

1

Z
p
j=0

M

detfc j ,j+1sxr
s jd,xs

s j+1ddg =
WTfls1d,…,lsMdg

Z8
, s3.9d

whereZ8 is the normalization constant. The weightWT has
the following form,

FIG. 4. Noncolliding Brown-
ian motion in the scaling limit
s3.8d.
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WTfls1d,…,lsMdg = p
j=1

M

p
r=1

N

e−Vjslr
s jdd p

j=1

M−1

detfecjlr
s jdls

s j+1d
g

3
detfec0erls

s1d
g

Dsed
detfesÎsM/rM

ÎTdlr
sMdbsg ,

s3.10d

wherelsid meanshlr
sidjr=1,…,N and

Vjsxd =
sj

2
S 1

r j−1
+

1

r j
Dx2, cj =

Îsjsj+1

r j
, c0 =

Îs1

2r0
,

Dsxd = p
i, j

N

uxi − xju. s3.11d

In s3.10d, we include the termDsed in order to get a finite
expression when we consider the special case wheres2.18d in
the later discussion. Applying to the last term inWT the
following formula,

lim
hzij→1

detfzi
j j+N−jg

detfzi
N−jg = p

1øi, jøN

ji − j j + j − i

j − i
, s3.12d

wherehjij[CN, one finds for largeT,

detfesÎsM/rM
ÎTdlr

sMdbsg =
detfesÎsM/rM

ÎTdlr
sMdbsg

detfseli
sMd/ÎTdN−jg detfsel j

sMd/ÎTdN−jg

, p
1øi, jøN

ÎsMsbi − bjd
j − i

DslsMdd
TNsN−1d/4 .

s3.13d

Thus we get

lim
T→`

WT

Z8
=

1

Z9
p
j=1

M

p
r=1

N

e−Vjslr
s jdd p

j=1

M−1

detfecjlr
s jdls

s j+1d
g

3
detfec0erls

s1d
g

Dsed
DslsMdd. s3.14d

Up to a trivial constant,s3.14d is equivalent to the weight of
the eigenvalues of the Hermitian multimatrix model,

p
j=1

M

e−trVjsHjd p
j=1

M−1

etrcjHjHj+1etrc0VH1dH1¯dHM . s3.15d

Here Hjs j =1,… ,Md is an N3N Hermitian matrix andV
=diagsed. This equivalence can be shown through the
Harish-Chandra, Itzykson-Zuber integralf37,38g,

E dU expstr AUBU†d ~
detfexpsaibjdg

DsadDsbd
, s3.16d

whereU is N3N unitary matrix,dU is the Haar measure and
A and B are N3N Hermitian matrices with eigenvaluesai
and bi respectively. Note than in the case of one matrix
model, s3.15d is the same form as the random matrix with
deterministic sources2.16d and s2.17d discussed in Sec. II.
We further transform the variablessj and r j as

sj = e2t j, r j =
1 − e2st j−t j+1d

2e−2t j+1
, r0 = 1/2, rM → `,

s3.17d

with t1=0. Then one findss3.15d can be represented as the
form of Dyson’s Brownian motion model,

p
j=1

M−1

expF− trhHj+1 − etj−t j+1Hjj2

1 − e2st j−t j+1d G
3expf− trH1

2 + trVH1gdH1¯dHM . s3.18d

C. Dynamical correlation function

In the above discussion we construct the Dyson’s Brown-
ian motion model with the deterministic source from the
noncolliding Brownian motion with the topology appropriate
to the multilayer PNG model with an external source. Next
we would like to analyze the process of the largest eigen-
value of this model since it corresponds to the equal time
correlation of the height distribution in the PNG model.

The measure for the eigenvalues ins3.18d is

p
j=1

M−1

detffstj,lr
s jd;tj+1,ls

s j+1ddgr,s=1
N eo

j
−sl j

s1dd2

3detfee jlk
s1d

g j ,k=1
N detfsl j

sMddkg j=1,…,N
k=0,…,N−1

, s3.19d

where we denote the eigenvalue for the matrixHj as
hlk

s jdjk=1,…,N

wsti,x;tj,yd

= 5Î eti−t j

ps1 − e2sti−t jdd
expF−

sy − eti−t jxd2

1 − e2sti−t jd G , for ti ø tj ,

0, for ti . tj .

s3.20d

Under this measure, we focus on the following probability:

Pfl1
s1d ø s1,…,l1

sMd ø sMg. s3.21d

We analyze this quantity by following the strategy of Johans-
son f12g although we can caluclate it also by the method of
Brézin-Hikami f19g with some effort.

In f12g it is shown that the correlation functions3.21d can
be expressed as the Fredholm determinant for the case where
the measure is given in the determinantal form such ass3.19d
by generalizing the method of Tracy-Wildomf39g. Applying
the procedure tos3.19d, we get

Pfl1
s1d ø s1,…,l1

sMd ø sMg = detf1 + Kgg, s3.22d

wheregstj ,xd=−xssj,`dsxd. The kernel is

Kstr,x;ts,yd = K8str,x;ts,yd − fstr,x;ts,yd, s3.23d

where

K8str,x;ts,yd = o
j ,k=0

N−1

C jsx,tr ;tMdsA−1d j ,kFkst0;ts,yd,

s3.24d
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C jsx,tr ;tMd =E
−`

`

fstr,x;tM,ydyjdy, s3.25d

F js0;ts,yd =E
−`

`

ee j+1x
e−x2

fs0,x;ts,yddx, s3.26d

Aj ,k =E
−`

`

dx dy ee j+1xe−x2
fs0,x;tM,ydyk. s3.27d

The analysis of the kernel using above equations seems to be
difficult since s3.24d involves the inverse matrix. However,
we can tackle this difficulty by improving the method of
orthogonal polynomial in RMTf40g. We use efficiently the
degree of freedom that the value of a determinant is un-
changed by elementary transformations. Let us defineFk,esxd
by

Fk,esxd = k!2k/2E
Gse8d

dz

2pi

e−z2/2+Î2zx

p
l=1

k+1

sz− el8d

, s3.28d

where Gse8d represents the contours enclosing all points
el8sl =1,… ,k+1d anticlockwise. We also defineGk,esxd by

Gk,esxd =
2k/2

Î2pi
ex2E

g

dw ew2/2−Î2wxp
l=1

k

sw − el8d, s3.29d

where el8=el /Î2sl =1,… ,Nd and g represents an arbitrary
path running from −i` to i`. The representations ofFj ,esxd
andGj ,esxd in s3.28d and s3.29d corresponds to the multiple
Hermite polynomial of type I and II respectively discussed in
f28g except some prefactors. Note that whenei =0, both
s3.28d and s3.29d become the integral representation of the
Hermite polynomial with degreek.

One can easily check thatFksxd’s sGk’sd are linear combi-
nations ofeekx’s sxk’sd. Hence one finds

detfee jlk
s1d

g j ,k=1
N = const3 detfFj ,eslk

s1ddg j=0,…,N−1
k=1,…,N

,

s3.30d

detfsl j
sMddkg j=1,…,N

k=0,…,N−1
= const3 detfGk,e−tMesl j

sMddg j=1,…,N
k=0,…,N−1

.

s3.31d

Applying the same procedure as above, one can show that
the operatorK on the right hand side ins3.21d can be re-

placed by another operatorK̃, with the kernelK̃str ,x; ts,yd,

K̃str,x;ts,yd = K̃8str,x;ts,yd − fstr,x;ts,yd, s3.32d

where

K̃8str,x;ts,yd = o
j ,k=0

N−1

C̃ jsx,tr ;tMdsÃ−1d j ,kF̃ks0;ts,yd,

s3.33d

F̃ js0;ts,yd =E
−`

`

Fj ,esxde−x2
fs0,x;ts,yddx, s3.34d

C̃ jsx,tr ;tMd =E
−`

`

fstr,x;tM,ydGj ,e−tMesyddy, s3.35d

Ãj ,k =E
−`

`

dx dy Fj ,esxde−x2
fs0,x;tM,ydGk,e−tMesyd.

s3.36d

Substitutings3.20d, s3.28d, and s3.29d into these equations,
we get

F̃ js0;ts,yd = e−s j+1/2dtse−y2
Fj ,e−tsesyd, s3.37d

C̃ jsx,tr ;tMd = e−s j+1/2dstM−trdGj ,e−tresxd, s3.38d

and

Ãj ,k = e−s j+1/2dtME
−`

`

dx Fj ,esxdGk,esxde−x2

= e−s j+1/2dtMÎp2j j !d j ,k. s3.39d

We choseF andG in such a way thatÃj ,k becomes diagonal
and can hence be easily invertible. Note that whenei =0 and
tM =0, s3.39d represents the orthogonality of the Hermite
polynomials. Our treatment here generalizes the method of
orthogonal polynomials for the mutimatrix model between
GUE f41,42g to the case with an external source.

Substitutings3.37d–s3.39d to s3.33d, one gets

K̃8str,x;ts,yd = o
j=0

N−1
es j+1/2dtM

Îp2j j !
C̃ jsx,tr ;tMdF̃ js0;ts,yd

= e−y2o
j=0

N−1

Gj ,e−tresxdFj ,e−tsesyde−s j+1/2dsts−trd

= ex2−y2Î2es1/2dstr+tsd

s2pid2 E
Gse−tse8d

dz

3E
g

dwew2/2−Î2wx−z2/2+Î2zyo
j=0

N−1 p
l=1

j

etrw − el8

p
l=1

j+1

etsz− el8

,

s3.40d

where in the last equality we uses3.28d and s3.29d. The
summation term in the integrand can be deformed to
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o
j=0

N−1 p
l=1

j

etrw − el8

p
l=1

j+1

etsz− el8

= p
l=1

N Setrw − el8

etsz− el8
DH 1

etrw − eN8

+
etsz− eN8

setrw − eN−18 dsetrw − eN8 d
+ ¯

+
setsz− e28d¯setsz− eN8 d

setrw − e18d¯setrw − eN8 dJ
= p

l=1

N Setrw − el8

etsz− el8
DH 1

etrw − etsz

− p
l=1

N S etsz− el8

etrw − el8
D 1

etrw − etszJ .

s3.41d

From s3.40d and s3.41d one finally finds the double integral
formula of the kernel,

K̃8str,x;ts,yd = ex2−y2Î2es1/2dstr−tsd

s2pid2 E
Gse−tse8d

dzE
g

dw

3p
l=1

N
etrw − el/Î2

etsz− el/Î2

1

wetr−ts − z

3ew2/2−Î2wx−z2/2+Î2zy, s3.42d

where we use the fact that the second term ins3.41d does not
contribute to the double integral ins3.40d. In the one matrix
case wheretr = ts, the kernel ins3.42d, becomes equivalent to
the kernels2.20d obtained by Brézin-Hikami except the pre-
fector irrelevant for the determinant.

D. GOE2-GUE transition

We consider the asymptotic form of the kernels3.23d un-
der the edge scaling. Hereafter we consider the case where
e1=e, e j =0s j =2,… ,Nd. Rescaling the integration variables
w, z, the kernels3.42d is rewritten as

K̃8st1,x;t2,yd = ex2−y2Î2Nes1/2dst1−t2d

s2pid2 esN−1dst1−t2d

3 E
GN8

dzE
g

dw
z

w

et1w − e/Î2N

et2z− e/Î2N

1

wet1−t2 − z

3
eÎ2Nzy−2Nz

eÎ2Nwx−2Nw
eNhfswd−fszdj, s3.43d

where the contourGN8 encloses the origin ande−t2e8 /ÎN
counterclockwise and

fswd ;
w2

2
− 2w + ln w. s3.44d

We analyze the asymptotic behavior ofs3.43d by applying
the saddle point method. We scale the variables ins3.43d as

x = Î2N +
j1

Î2N1/6
, y = Î2N +

j2

Î2N1/6
,

t1 =
t1

N1/3, t2 =
t2

N1/3,

e = Î2NS1 −
v

N1/3D . s3.45d

The critical point of the functionfswd,

wc = 1, s3.46d

turns out to be the double critical point,

f8swcd = f9swcd = 0. s3.47d

Thus by deforming the paths of the integration ins3.43d in a
way that they cross the critical point,

w = 1 −
iw1

N1/3, s3.48d

z= 1 +
iw2

N1/3, s3.49d

we get

eNhfswd−fszdj , esi/3dsw1
3+w2

3d, s3.50d

where we use

fswd , fswcd + f8swcdsw − wcd +
f9swcd

2!
sw − wcd2

+
f-swcd

3!
sw − wcd3 =

− 3

2
+

i

3N
w1

3. s3.51d

For other terms ins3.43d we obtain the asymptotic forms
under the scalings3.45d,

et1w − e/Î2N

et2z− e/Î2N
,

t1 + v − iw1

t2 + v + iw2
, s3.52d

1

wet1−t2 − z
, −

N1/3

t2 − t1 + iw1 + iw2
, s3.53d

eÎ2Nzy−2Nz

eÎ2Nwx−2Nw
, eN1/3sj2−j1d+ij1w1+ij2w2, s3.54d

ex2−y2+s1/2dst1−t2d+sN−1dst1−t2d , e2N1/3sj1−j2d+N2/3st1−t2d.

s3.55d

Hence we eventually find
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K̃8 , Î2N1/6eN2/3st1−t2d+N1/3sj1−j2d

3 E
−`

` dw1

2p
E

−`

` dw2

2p
S−

1

t2 − t1 + isw1 + w2d

+
1

v + t2 + iw2
Deisj1w1+j2w2d+si/3dsw1

3+w2
3d

= Î2N1/6eN2/3st1−t2d+N1/3sj1−j2d

3 HE
0

`

dl e−lst1−t2dAi sj1 + ldAi sj2 + ld

+ Aisj1dE
0

`

dl e−sv+t2dlAi sj2 − ldJ , s3.56d

where we use the integral representation of the Airy function,

Ai sxd =E
−`

`

dl eilx+si/3dl3
. s3.57d

It is also necessary to consider the asymptotics of
fst1,x; t2,yd in s3.20d under the same scaling as ins3.45d.
One has

−
1

1 − e2st1−t2d ,
N1/3

2st2 − t1dH1 +
1

N1/3st2 − t1d

+
1

3N2/3st2 − t1d2 + ¯J ,

set1−t2x − yd2 , 2N1/3Hst2 − t1d2 −
1

N1/3st2 − t1d3

+
1

N1/3sj2 − j1dst2 − t1d

−
1

2N2/3sj2 − j1dst2 − t1d2 +
7

12N2/3st2 − t1d4

+
1

4N2/3sj2 − j1d2 +
j1

N2/3st2 − t1d2J . s3.58d

Substituting these intos3.20d, one gets

f , 5Î2N1/6eN2/3st1−t2d+N1/3sj1−j2dE
−`

`

dl e−lst1−t2dAi sj1 + ldAi sj2 + ld for t1 ø t2,

0 for t1 . t2.

s3.59d

Thus we finally find

Î2N1/6K̃ → eN2/3st1−t2d+N1/3sj1−j2dKst1,j1;t2,j2d,

s3.60d

whereKst1,j1;t2,j2d is the same as the one appearing in the
analysis of the PNG model with external sources3.4d. Since
the prefactor is irrelevant to the value of Fredholm determi-
nants, we have shown that the fluctuation of the PNG height
described bys3.3d–s3.5d is equivalent to the fluctuation of the
largest eigenvalue of the multimatrix models3.18d with an
appropriate choice ofV.

IV. CONCLUSION

We have presented a random matrix model with a deter-
ministic source, the largest eigenvalue of which describes the
height fluctuations of the PNG model with an external
source. Depending on the value of the deterministic source,
the distribution of the largest eigenvalue in this model be-
comes the GUE Tracy-Widom distribution and the GOE2. It
also describes the transition between these two, which could

not be understood by the previous interpretation of the GOE2

as “the square of GOE.” Our model gives not only another
representation of the GOE2 but also a unified picture includ-
ing GUE, GOE2 and their transition.

We have also considered a vicious walk model which has
a similar topology to that of the multilayer PNG model. In an
appropriate limit, this leads us to a Dyson’s Brownian mo-
tion model with a deterministic source as an initial condition.
At last we have found the process of the largest eigenvalue in
the edge scaling of this model describes the multipoint joint
distributions of the PNG model with an external source.
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